06 OflHOM KpHTepHH C06CTBeHHOCTH MHOr03HaHHbIX OTo6pa>KeHiiH 

BopOTHHKOB J\. 

H3BecTHa TecHaa CBa3b Meacay co6cTBeHHOCTbio h 3aMKHyTOCTbio oaH03HaaHbix OTo6pa»ceHHH. 
Hanpniviep [1], aaa OTo6pa»ceHHH 6aHaxoBbix SecKOHenHOMepHbix MHoroo6pa3nn, oSaaaaioinHx cbohct- 

BOM (ppe^rOJIBMOBOCTH, 3TH nOHHTHa SKBHBajIGHTHbl . B TO >K£ BpeMa CBOHCTBO Co6cTBGHHOCTH OToSpa- 

>KeHHfl aBjiaeTca ojjhhm h3 ueHTpajibHbix npri nocTpoeHHH pa3JiHHHbix Teopnii TonoaorHaecKOH CTe- 
neHH. 

CK" 1 B 3toh pa6oTe npaBoanTca o6hi;hh KpaTepnii coGctbchhocth aaa MHoro3HaaHbix OTo6paa<:eHHH, 
O 6jih3khh no ayxy k BbiaieynoMaHyTOMy CBOficTBy (ppearojibMOBbix OTo6paa<eHHH. KpHTepnft npaBe- 
\ aeH b (popivie flByx TeopeM: npaMoii h oSpaTHOH. 

> 

^ ; 1 O MyjibTHOTo6pa»ceHHax 
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O CBOHCTBax MyjibTiiOTo6pa>KeHHH mojkho noapoSHO y3HaTb, Hanpniviep, b [2]. Mm ace 3aecb otmcthm 
jinnib sjieMeHTapHbie Bonpocbi. 



IlycTb X, Y - MeTppinecKHe npocTpaHCTBa. MHoro3HaaHbiM OTo6paateHHeM F 113 X b Y (o6o3Haaa- 
eTca F : X — o Y) Ha3biBaeTca cooTBeTCTBiie, conocTaBJiaiomee Kaacapa ToaKe 16I HeKoe HenycToe 
noaMHoacecTBO npocTpaHCTBa Y, o6o3HaaaeMoe F(x). MHoro3HaaHbie OTo6pajKeHaa Ha3biBaiOT TaK- 
ace MyjibTHOTo6pa>KeHHaMH. 

,Haa A C Xo6pa,30M F(A) Ha3biBaeTca MHoatecTBO {y G Y\3x G A, F{x) 3 y}. 
J\jisi B C YnoAHUM npoo6pa30M FZ 1 (B) Ha3biBaeTca mhokgctbo {x G X\F(x) fl B 7^ 0}. 
> ' B aacraocTH, aaa y <EY : Fl 1 (y) = {x G X\y G F(x)}. 

Ecjih aaa Jiio6oro 3aMKHyToro B C Y MHoatecTBO FZ 1 (B) 3aMKHyTO, to F Ha3biBaeTca noAynenpe- 
t^. . pueHUM ceepxy. 

Ecjih F nojiyHenpepbiBHO CBepxy h o6pa3 F(x) BcaKofi tohkh x G X KOMnaKTeH, to o6pa3 F(A) 
BcaKoro KOMnaKTHoro A C X KOMnaKreH [2]. 

Ecjih aaa jiioSoro OTKpbiToro B C Y mho>kgctbo .FT 1 (5) otkpbito, to F Ha3biBaeTca noAynenpe- 

O ■ pUBHUM CHU3y. 

OTo6pa)KeHHe F Ha3biBaeTca 3a,MKHymuM, ecjin aaa jno6bix nocaeapBaTeabHOCTeft x n — > Xq H3 

n— >oo 

^ - X ny n — > y H3 y, y n G F(x n ) BbinojiHeHO y G F(x ). 

BcaKoe nojiyHenpepbiBHoe CBepxy MyabTHOTo6paa<eHHe, y KOToporo o6pa3 Kaacapa tohkh 3a- 
MKHyT, aBJiaeTca 3aMKHyTbiM [2]. 

ByaeM Ha3biBaTb MHoro3HaaHoe OToSpaaceHne F : X —o Y co6cmeeHHUM, ecaa aaa jno6oro 
KOMnaKTHoro B G Y MHoacecTBO FZ (B) KOMnaKTHO. 

ByaeM Ha3biBaTb OTo6pa>KeHHe F monoAozunecKU 3aMKHymuM, ecjin aaa jiioSoro 3aMKHyToro 
Ad X 3aMKHyTbiM 6yaeT h F(A). 

3aMenaHHe. OaH03HaaHbie TonoaoraaecKa 3aMKHyTbie OTo6paa<eHHa aacTO Ha3biBaiOT npocTO 
3aMKHyTbiMH. B TeopHH MHoro3HaaHbix OTo6paa<eHHH 3aMKHyTbiMH Ha3biBaiOT HecKOJibKO apyrae 
OTo6pa>KeHHH (cm. BblHie). 

CnMBOJiaMH R, N, Z SyaeM o6o3HaaaTb cootbctctbchho MHO>KecTBa aeiicTBHTeabHbix, HaTypajib- 
hmx, n,ejibix anceji. 

BBeaeM em;e aBa TepMHHa. 

Mm 6yaeM tobophtb, aTO MHoacecTBO A C X paenoMepno meAecHO, ecjin nepeceaeHne A c Jiio6biM 
OTKpbiTbiM niapoM jih6o nycTO, an6o co^ep>KHT ^pyroii OTKpbiTbiH map. 



^aGoTa no,iwep»caHa rpaHTOM PCxtH JY^Ol-01-00425 

2 Current address: CMUC, Apartado 3008, 3001 - 454 Coimbra, Portugal, mitvorot@mat.uc.pt 
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IIOHHTHO, HTO JIK)6oe OTKpblTOG MHOJKeCTBO paBHOMepHO TejieCHO. IlojiyHHTepBajIbl H OTpe3KH B 

R TelKJKe paBHOMepHO TejiecHbi. 

Mm 6yn;eM Ha3biBaTb MHoro3HaaHoe OToSpajKeHne F : X — o Ynoumu noAynenpepuenuM CHU3y, 
ecjiH fljia jnoSoro OTKpbiToro BcF MHoacecTBO -FT (S) paBHOMepHO TejieCHO. 

BcaKoe nojiyHenpepbiBHoe CHH3y MyjibTHOTo6pa>KeHHe, b nacTHOCTn, o,a,H03HaHHoe HenpepbiBHoe 
OTo6pa>KeHHe, nonTH nojiyHenpepbiBHO CHH3y. 

BiviecTe c Ka>KflbiM F : X — o I^mojkho paccMOTpeTb MHoro3HaaHoe OTo6pa>KeHHe F : F(X) — o X, 
KOTopoe onpeflejiaeTca TaK: F(y) = FZ 1 (y). JlerKO BH^eTb, hto fljia B C Y : F(B f)F(X)) = 
FZ 1 (B). Otmcthm TaiQKe, hto FZ 1 (A) = F(A) fljia Bcex A G X. ^HeiicTBHTejibHO, 

y G FZ\A) <*F(y) H A ^ 0^ 
^> 3i G A, i e FT^y) ^ 3i G A, F(z) 3y<^yE F(A). 

2 KpHTepHH C06cTBeHH0CTH 

Tenepb mm ccpopMyjinpyeM ochobhoh pe3yjibTaT paSoTbi. 

Teopeivia 1. Ilycmb X, Y MempuuecKue npocmpancmea, 
F : X — o Ynoumu noAynenpepueno cnu3y. Ilycmb X uoaho. Ilycmb 3ah bcmkoso y C Y MHoencecmeo 
FZ 1 (y) saMKuymo, ho ue codepotcum hu odnoso omnpumoso mapa. Tosda, ecAU F monoAosuuecKU 
3aMKHymo, mo F co6cmeeHHO. 

^OKa3aTejibCTBO. 

IlycTb i/o C Y - npoH3BOJibHafl ToaKa. IloKa>KeM CHaaajia, hto FZ 1 (yo) OTHOCHTejibHO KOMnaKTHO. 
IlpeflnojiojKHM, hto 3to He TaK. Tor^a no TeopeMe Xayc^opcpa FZ 1 (yo) He HMeeT KOHeaHOH 35 - cera, 
r^e S > ^ocTaTOHHO Majio. IlosTOMy FZ 1 (y ) coflep>KHT SecKOHeaHyio nocjieflOBaTejibHOCTb z±,Z2,--- 
ToneK, nonapHbie paccTOHHHH MejK^y KOTopbiMH He MeHbine 35 (ecjin 6bi TaKnx ToaeK Smjio Jinnib 
KOHe^Hoe hhcjio zi, z m , to ocTajibHbie tohkh FZ (yo) OTCToajiH 6m ot sthx MeHbnie, aeM Ha 35; T.e. 
zi,...,z m Sbijio 6bi 35-ceTbio). BMecTe c Kaacfloii Zi(i G N) paccMOTpnM OTKpbiTbin map Gi = B(zi, 5) 
c neHTpoM b Zi pa^nyca 5. 5Icho, hto ecjin ^Be totkh jieacaT b pa3Hbix Gi h Gj, to paccTOHHne 
MejK^y hhmh He MeHee S. PaccMOTpnM Tenepb b Y OTKpbiTbie niapbi B n = B(y ,^) (n G N). T.k. 

F nonTH nojiyHenpepbiBHO CHH3y, to FZ l (B n ) paBHOMepHO TejieCHO. PaccMOTpnM MHOxcecTBO G n = 
G n f]FZ 1 (B n ). Oho He nycTO, t.k. co^epacHT z n . T.k. FZ 1 (B n ) paBHOMepHO TejieCHO, to HaiifleTca 

KaKOH-HnSy^b OTKpbiTbiii map, coflepjKamnnca b G n . 06o3HaanM stot map nepe3 G n . Ho ycjiOBnio 
TeopeMbi G n He co^epjKHTca nojiHOCTbio b FZ 1 (yo), T - e - HaH,n;eTCH x n G G n ,yo ^ F(x n ). Ho x n G 
G n C FZ 1 (B n ). IlosTOMy HafifleTca y n G B n TaKoe, hto y n G F(x n ). T.k. tohkh x n jieacaT b G n , 
to nonapHbie paccTOHHHH Meatfly hhmh He MeHee 8. T.e. {x n } n& N ~ MHoacecTBO 6e3 npe^ejibHbix 
ToaeK. IlosTOMy oho 3aMKHyTO. Ho F TonojiornaecKH 3aMKHyTO, noaTOMy F({x n } neN ) 3aMKHyTO. 
Ho {y n } n€N e F({x n } N ). T.k. y n G B n , to y n -> y ; nojiyaaeTca, hto y G F({x n } N ). Ho SToro 

n— »oo 

He MOJKeT 6biTb, t.k. fljia BcaKoro n yo ^ F(x n ). npoTHBopeane. 

HiaK, fljia BcaKoro yo MHoacecTBO FZ (yo) OTHOCHTejibHO KOMnaKTHO. Ho FZ (yo) 3aMKHyTO no 
ycjiOBHio. 3HaaHT, F(y ) = FZ x (yo) KOMnaKTHO ^Jia BcaKoro yo G F(X). 

^ajiee, F : F(X) — o X nojiyHenpepbiBHO CBepxy. /^eiicTBHTejibHO, ecjin A 3aMKHyTO b I, to 
FZ 1 (A) = F(A) 3aMKHyTO b Y, t.k. F TonojiornaecKH 3aMKHyTO. OaeBH^HO Tor^a, hto FZ 1 (A) 

3aMKHyTO H B F(X). 

CjieflOBaTejibHO (cm. n.l.), npn MyjibTHOTo6pa>KeHHH F o6pa3 jnoSoro KOMnaKTHoro MHOJKecTBa 
KOMnaKTeH. 
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IlycTb B - KOMnaKTHoe mhojkgctbo b Y. T.k. F(X) 3aMKHyTO b Y, to F(X) H B KOMnaKTHO (b 
F(X)). Tor^a F(F(X) fl B) KOMnaKTHO. T.e. Fl 1 (B) KOMnaKTHO, h coScTBeHHOCTb F ^OKa3aHa. 

3 3aMenaHHa 

3aMenaHHe 1. B cpopMyjinpoBKe TeopeMbi 1 no^TH nojiyHenpepbiBHOCTb CHH3y Hejib3a 3aMeHHTb 
Ha nojiyHenpepbiBHOCTb CBepxy, hto noKa3biBaeT cjieflyiomHii npiiMep. PaccMOTpHM OToSpajKeHne 
/•' : R o /,'; 

F(x) = {x} (MHO>KecTBO, cocToamee H3 o^hoh totkh x), ecjin x ^ Z; 
F(x) = R, ecjin x G Z. 

OTo6pa>KeHHe F nojiyHenpepbiBHO CBepxy h TonojiorHnecKH 3aMKHyTO. IlojiHbiH npoo6pa3 bchkoh 
tohkh y ecTb MHOJKecTBO {y} U Z. rioHaTHO, hto oho 3aMKHyTO h He co^epjKHT hh oflHoro inapa, HO 

He KOMnaKTHO. IlosTOMy F He CoScTBeHHO. 

3aMenaHHe 2. TpeSoBaHne no^TH nojiyHenpepbiBHOCTH CHH3y b Teopeivie 1 cymecTBeHHO cjiaSee 
TpeSoBaHHa nojiyHenpepbiBHOCTH CHH3y. ^eiicTBHTejibHO, paccMOTpHM cjie^yiomHii npHMep. IlycTb 
OTo6pa>KeHHe F : R — ° R 3a^aHO TaK: 

F(x) = {\x\ + 1} npn \x\ > 1; 

F(x) = {\x\ + 1, 1 — \x\} npn \x\ = 1; 

F(x) = {\x\ + 1, 1 — \x\ , \x\ — 1} npn \x\ < 1. 

Ilpn OTo6pa>KeHHH F nojiHbiii npoo6pa3 bcskoh to^kh KOHeneH, a noTOMy 3aMKHyT h He co^,ep- 
>kht inapa. 5Icho TaK>Ke, ^to F TonojiorHHecKH 3aMKHyTO. IlojiHbiH npoo6pa3 JiioSoro OTKpbiToro 
MHOJKecTBa paBHOMepHO TejieceH, ho He o6a3aTejibHO otkpmt: Hanpniviep, nojiHbiii npoo6pa3 Majioii 
OKpecTHOCTH Hyjia coflep>KHT Kpaimne tohkh +1 h -1. HTaK, OTo6pa>KeHHe F yflOBJieTBopaeT yoro- 
bhhm TeopeMbi, ho He aBJiaeTca nojiyHenpepbiBHbiM CHH3y. 

4 OSpaTHaa TeopeMa 

3tot nyHKT nocBameH TeopeMe, KOTopyio mojkho Ha3BaTb oSpaTHoii k TeopeMe 1. 

TeopeMa 2. Ilycmb X, Y - MempunecKue npocmpaHcmea, 
F : X — o Y - 3aMKHymoe MyAt>muomo6pa9tceHue. Tosda, ecAU F co6cmeeHHO, mo F monoAozunecKU 
3aMKHymo. 

^OKa3aTejibCTBO. 

IlycTb A - 3aMKHyToe MHOJKecTBO b X. IloKajKeM, hto F(A) 3aMKHyTO. ^eficTBHTejibHO, nycTb 
y n G F(A), y n — > y. Mhojk6ctbo Y = {y} U {y n } n€ N KOMnaKTHO. IlosTOMy h FZ 1 (Y ) KOMnaKTHO. 

n— »oo 

T.k. y n G F(A), to HafifleTca x n G A TaKoe, hto y n G F(x n ). I1oh5itho, hto {x n } n£N G FZ 1 (Y ). 
IlosTOMy {x n } neN 6e3 orpaHH^eHHH oSihhocth cxo^htch; x n — > x. T.k. x n G A, to x G A. Ho F 

3aMKHyTO, nosTOMy y G F(x) C F(A). HTaK, F(A) 3aMKHyTO. TeopeMa flOKa3aHa. 
JlHTepaTypa. 
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